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.tional rewrite rules: confluency and termination
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\ACT

Algebraic specifications of abstract data types can often be viewed
rstems of rewrite rules. Here we consider rewrite rules with conditionms,
as they arise e.g. from algebraic specifications with positive condi-
11 equations. The conditional Term Rewriting Systems thus obtained which
.11 study, are based upon the well-known class of left-linear, non—am-—
wus TRS's. A large part of the theory for such TRS's can be generalized
le conditional case. Our approach is non-hierarchical: the conditions

;0 be evaluated in the same rewriting system. We prove confluency re-

; and termination results for some well-known reduction strategies.
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)DUCTION

This paper is concerned with Term Rewriting Systems involving condition-
'write rules. Such systems arise in a natural way from algebraic data
specifications using positive conditional equations, but may just as
appear in a different context. Our aim is to provide a self-contained
duction in the subject covering various topics, such as: confluency,
‘tion strategies and termination, and decision algorithms for normal forms.
While working in this subject we received PLETAT, ENGELS & EHRICH [14].
paper has had a considerable influence on our ideas, leading us, how-

to a different proposal for the semantics of conditional rewrite rules,
ling hierarchies, but introducing circularities that turn out to be not

.ematic in the end. Acknowledgement: We thank Klaus Drosten for detecting

‘ror in a previous version of Definition 7.2 and suggesting a correction.

We will now give a survey of the paper. We will consider systems I of

Zve conditional equations, as they are called in [6] , which have the

iome n =2 0. Here the ti = s (i=1,...,n) and t = s are equations, pos-

r containing varables. Such systems arise for instance in algebraic se-
.cs as specifications of abstract data types, see [6] . If I is a sys—

f positive conditional equations, L, will be the 'unconditional part'

, that is the set of equation schemes obtained by removing the condi-

i (i.e. the LHS's of the implications). The system of equation schemes

in be made into a Term Rewriting System (TRS), by choosing a direction
writing: t > s . Often this direction is clearly suggested by the equa-
t = s. Now we will impose (just as in [14]) the restriction that the

z, is non-ambiguous and left-linear. For such TRS's , which we will call
rpe 0 in this paper, the syntactical theory is well developed;
3,8,9,10,11,13] .

While it is clear how to associate a TRS to a system of equation schemes
7ay in the case we are considering) , this is less clear in the presence

mditions. I. One possibility is to consider 'conditional reduction rule




nemes' of the form

:h conditional reduction rule schemes will be called of type I. Likewise a
5 is of type I if it contains only reduction rules of type I.

» Another possibility is to consider conditional rules of the form

:re 'V' denotes 'having a common reduct'.

[. Thirdly, one could consider
B T S A ... At > s = t>s,

:rre — is the transitive reflexive closure of — .
It turns out that this last possibility yields in general not a con-
tent reduction (i.e. having the Church-Rosser property). A 'better' type

conditional reduction rule is:

e t., /> n Ao A E — = t >
n 1 1 k Tk s
ire the n. ,i =1, ...,k, are closed normal forms in the sense of the un-

ditional ¥ .
u

Now in all cases I, II, III(n) there is an obvious circularity involved
the definition of the reduction relation — . In [14] this problem is
ved by means of an hierarchical approach: the conditions (which are there
type IIIn » to be precise: of the form t, —> true) must be evaluated on
ower level of the hierarchy. Here we will not suppose such a hierarchical
ucture of the TRS's, and define the reduction relation (=) by a 'least
‘ed point' construction; for type I and IIIn reductions we can then prove
fluency. That is, the circularity is harmless in case IIIn , and also

type I . In fact, the whole syntactical theory for type 0O carries over

hout effort to type I and IIIn, including termination criteria. However,




or problem with the conditional TRS's is that the set of normal forms
he set of redexes need not be decidable.

For type III in general it is not surprising to see that such reductions
not be confluent, for, it is not clear that a condition ti —> s; is
le" under reductions. For type II it does seem reasonable to conjecture
uency; but we will show that in fact this conjecture is false. The case
pe I is very easy.

The really interesting case is IIIn . We will show that IIIn—reductions
onfluent, and have in general all desirable properties of O-reductionms,
ding termination (when possible) of reduction strategies like full sub-
tion (or full computation), leftmost reduction, parallel outermost re-
ons. Most of these results are already obtained in [14], but for the
archical’ IIIn-TRS's .

Note that we have not placed restrictions on the conditions t, = s;
I) or t, ™ n, (type IIIn), other than the unconditional normal form
rement (which can be immediately checked by looking only at the LHS's t
e RHS's t » s of the conditional rules) in IIIn . This is intended: the
s; or t. —> n. may have other variables than the ones in t = s. E.g.

ule (as in the definition of an equivalence relation)
E(x,y) —> true & E(y,z) —> true = E(x,z) > true
lowed.

On the other hand, an unconditional rule like
E(x,X) — true

not be allowed here, since we stipulated that the unconditional part
the TRS's I we will consider, must be of type O. Let us call a TRS
type O' if it can be obtained from a type O TRS I by identifying
variables in the LHS's of the rule schemes.
Now we give a translation of type IIIn systems into type O and of type
to type O'. We do not, however, explore the formal aspects of this
lation and use it mostly as a heuristic tool to show that type II and
eductions are in general not confluent.
A survey of the confluency results is given in the following figure,
an upward line means that a TRS of the lower type is also a TRS of the

r type. The central point in this diagram, type IIIn , will also be




cus of our interest in this paper.

\ (in general)
\ not confluent
confluent

> wavy downward arrows refer to the 'translation' mentioned above and
ren in Section 5. Type 0" is a subtype of 0', obtained by stipulating
it the "non-linear' operators may not occur in the RHS's of the rule

1emes (Section 1.5).

We have included an Appendix devoted to O'Donnell's theorem that 'even-—
11ly outermost' reductions (including the parallel outermost reductions)
st terminate when possible, and likewise for leftmost reductions in the
se of left-normal rules. In fact, we prove a stronger version, applying
30 to the case of Term Rewriting Systems with bound variables, such as
alculus. Indicating the presence of bound variables with 'x', all our
sults except 8.4 generalize from O to 0*, I to I*, IIIn to III; . Since
ind variables are not the main topic of this paper, we have separated this
of in an Appendix so that it can easily be omitted (or,singled out).

e 0° reductions systems are called 'regular Combinatory Reduction Systems'

[11] , where 'regular' means 'non-ambiguous and left-linear!

The structure of the sequel of this paper is as follows.




Preliminaries
1.1. Term Rewriting Systems
1.2. Applicative vs. ranked TRS's; TRS's with signature
1.3. Regular reductions
1.4. Reduction diagrams for regular reductions
1.5. Nonlinear reductions

Conditional Term Rewriting Systems

Confluency of type I reductions

Confluency of type IIIn reductions

Embedding conditional TRS's in unconditional ones

Type II and III reductions need not be confluent

The complexity of normal forms

Criteria for termination

Terminating reduction strategies

Hierarchical conditional TRS's

Possible extensions

Appendix: parallel outermost and leftmost reductions

‘ences.
{ELIMINARIES

Term Rewriting Systems. We will briefly introduce the well-known

m of a Term Rewriting System (TRS), as studied e.g. in[3,8,9,10,11,13]
: we will consider unconditional TRS's.

A Term Rewriting System I is a triple < F, I/, R> where F is a set of
'd operators, i.e. each F € F has an arity which is the number of ar-
its F is supposed to act upon. The arity may be 0, in which case F is
called a constant. V is a set of variables, necessary to describe the
f reduction rule schemes, R . A reduction rule scheme, or rule scheme
short, is a pair (t,s), written as t >~ s , where t,s € Ter(I), the set
;rms built from F and V. So R is a binary relation on Ter(Z). The set
.osed I-terms, TerC(Z), contains only terms without variables

Yy ee.3X,¥,Zz € V., We will use t,s for terms, but sometimes also

.. « An instantiation p is a map V — TerC(Z). If t € Ter(Z) , then

denotes the result of substituting p (x) for the variables x occurring




L t.

R is the set of all closed instances obtained from the rule schemes
; i.e. if t > s € R then p(t) » p(s) € R for all p. The elements of R
‘e called closed rules; we will drop the word 'closed' sometimes. The LHS's
! the rules are called redexes ; RED(X) is the sef of all redexes of . A
'rm without redexes as subterms is a normal form; NF(Z) is the set of nor-
11 forms.

A context C[ ] 1is a term with one 'hole'; C [t] is the result of
ibstituting t in this open place.

If R is a binary relation on Ter (%) , then R™ will be the 'contextual

osure' of R, defined by :
(t,s) e R = (cftl,C[s]) e R for all c[ 1].

' is, as usual, the transitive reflexive closure of R. For notational ease,
. write R® =(Rm)* . Note that ¢° = = , syntactical equality.

If the infix notation t - s is used, the relation - will be called
‘eduction' and instead of — we use the notation -—s> (which is easier

» use in reduction diagrams).

2. Applicative vs. ranked TRS's ; TRS's with signature

As we have introduced TRS's in 1.1, each operator has a fixed arity
d term formation is otherwise unrestricted. In practice however, we will
ten deal with TRS's having a s?gnature, as in Example 2.3(i). The con-
pt of signature is standard in the litterature, and we will not give a
finition here. See e.g. [10] . Nowhere, however, in this paper will the
ncept of signature play a role; that is, everything works out for TRS's
th signature exactly as for TRS's without signature restrictions. (0Of
urse, a TRS without signature restrictions can also be viewed as having
trivial signature with one sort.)

Instead of ranked TRS's (i.e. each operator has a fixed arity), one
n also consider applicative TRS's. The prime example of such a TRS is
mbinatory Logic (CL) as in [5] , with basic operators S,K,I and terms

€ Ter(CL) given by the inductive definition




M: := I,K,S / (MIMZ) » and reduction rules schemes

Sxyz — xz(yz)
Kxy — x

Ix — X

the convention of bracket association to the left is used). An appli-

e system I can easily be viewed as a ranked system I by introducing

A 3
ary operator A( , ) and considering S,K,I as O-ary operators (constants)

the rules of CLA are :

A(A(A(S,x) ,y) ,2z) —> A(A(%,2) ,A(y,2))
A(A(K’X) 3 y> —* X

A(I,x) —> x.

versa, a ranked TRS Zr can be viewed as a 'sub-TRS' of an applicative
L; e.g. if Zr = {C, P(%,Q(y)) —> Q(x)} then Zr is a 'sub-TRS' of
+ 1.4.0), where I has terms defined by M: := C,P,Q / (M]Mz) and the
Px(Qy) — Qx . So the terms of (an isomorphic copy of) Zr would be
. by

M = C/ PM M,/ QM.

In fact, we may use TRS's which are partly applicative and partly

d ; e.g.
CL + D(x,x) — 1.

e point, however, there is a crucial difference between ranked and
cative TRS's , namely in the formulation of a theorem about non-linear
, see 1.5.2.2.

Regular reductions

An important class of reduction systems is the class of regular TRS's
F,V,R> . Here the rule schemes in IR are subject to the following
tions:
if t + s € R, the leading symbol of t is an operator € F (so t ¢ V);
if t > s € IR, then the variables in s occur already in t ;

if t > s € R, then t is lZnear, i.e. no variable occurs more than




once in t. (The rule scheme t - s is called left-linear if t is linear.)
iv) 1if R {t > ss [1 € I} then the rule schemes do not "interfere',
i.e. they are non—ambtguous. One also says that IR has the non-over-—

lapping property. This property is defined as follows.

.3.1. DEFINITION. Let R = {rili € I} where r; = t; > s, be the set of rule
hemes of a TRS I . We may suppose that IR contains no rule schemes which
in be obtained from each other by renaming of variables. I is called a
m-ambiguous (or non-overlapping) TRS iff the following holds:

) 1f the r. —redex p(t ) contains the rJ-redex o) (r ) , where i # j and
p,p' are some instantiations, then the redex o (rJ) is already con-
tained by p(x) for some variable x occurring in tss

i) 1f the r.-redex p(t.) contains the r. -redex o' (t. ) for some p,p', then
either p(t. ) = p (t ) or p (t ) is already contalned by p(x) for some

variable x occurring in t .

3.2. EXAMPLE. (i) R = {P(Q(x)) — R(x) , Q(R(x)) — S} is ambiguous
" clause (i) of Def. 1.3.1 ;

i) R
ii) R

{P(P(x)) — P(x)} is ambiguous by clause (ii) ;

{D(x,x) — E,...} yields a nonregular TRS since the displayed

rule scheme is not left-linear.

MARK. It is possible to be slightly more liberal in the definition of
biguity, without losing any of the properties of regular reductions.

mely, define:

£ =<F,V,IR> (where R = {ri/i e 1} , r, =t > si) is a weakly
n-ambiguous TRS iff the following holds:
) if the T, -redex p(ti) contains the rj—redex p'(tj) where i # j and

T

pP,p are some instantiations, then the redex p'(tj) is either

(a) already contained by p(x) for some x in t, or
(b) p(ti) = p'(tj) and p(si) = p'(sj) . (I.e. the rules p(ri)
and p'(rj) coincide.)

1) as in Def. 1.3.1.

te that non-ambiguity of I depends only of the LHS's t, of the rule




2s in IR, while for weak non—ambiguity also the RHS's
ad.
An example of a set of weakly non-ambiguous rule schem

1s, is given by the 'parallel or' rule schemes:
or (true, x) — X

or (x, true) — x .

Let us call a TRS which is leftlinear and weakly non-a
jular TRS. Then the theory for regular TRS's as e.g. i
>f the sequel is based, seems to carry over without pr
ar TRS's. We will stick to regular TRS's as the basis

2r.

Reduction diagrams for regular reductions

Let I be a regular TRS. Then, as is well-known, & | C
1-Rosser property.) I.e.: if R] =tgrtp ... >t a
> t; > el > té are two 'divergent' reductions of ty €
are 'convergent' reductions R3 =t >...>s and R4
ad of saying that I has the CR-property, we will also
are confluent.

A stronger version of the CR-theorem for regular TRS's
rgent reductions RB’R4 can be found in a canonical way

entary diagrams' as suggested in the following figure:

D(Rl’Rz)

3

st be con-

ich is am—

us, a weak-
, on which
to weakly

e sequel,

has the

) , then
" eee > S

at I-reduc-

ts that

djoining

/R




1 this way the reduction diagram D(R],Rz) originates, and in [11] it is
roved that the construction terminates and yields R3,R4 as desired. It i

1irly evident how to define the elementary diagrams; e.g. if £ = CL as i

.2, then the following are examples:

Sab(Ic) g(Ic)(b(Ic)) Ka(Ib) Kab
ac(b(Ic))
v A
Sabc ac(be) a @ a

e '@ denotes an 'empty' or 'trivial' step, necessary to keep the reduc

m diagram in a rectangular shape. @ - steps also occur in elementary dia

ms of the form, e.g.

or even 2 a
Ia a or e T
| |
: | | ’I
i ! : I
I
@ 1@ I ;
1 | |
| | | |
! 1 [ Y
e a a
Ia a

v reduction R3 constructed above in D(RI,RZ) is called the projection of

by RZ , Wwritten : R3 = RI/RZ . Similarly R4 = RZ/R1 .

+.0. Sub-TRS's. Up to here we have only considered regular TRS's

: < F,V, R > where term formation is unrestricted. However, since most
the relevant properties of regular TRS's derive from the notion of re-
:tion diagram, it is sensible to enlarge the class of regular TRS's such

it they include also 'sub-TRS's' I' of I, defined as follows:




11

Let T ¢ Ter(Z) be such that T is closed w.r.t. elementary diagrams.
2, 1if tystysty € T such that to > sty ™ t, then all terms involved in
) - tl’tO -> t2) are in T.) Then the restriction L' of £ to T is called
tb-TRS of I. We write I'LC I,

So, in the sequel a regular TRS may be either a 'full' TRS where term
nulation is unrestricted or a sub-TRS of a 'full' TRS. This means that
's where term formation is restricted by signature requirements are also
Jur scope.

The next three subsections 1.4.1,..., 1.4.3 are preliminaries only for

Appendix.

.1. The Parallel Moves Lemma

Let R be a I-reduction t0 > eee > tn and let s E.to be a redex. Con-

:tion of redex s will be displayed (sometimes) by the notation ty LN té.

consider D (tO Y , R)

to t1 R tn
51

s U(t0 > té,R) 52 R'" = t » té /R.
53
S
t! £!
0 n

1 the reduction R' (the projection of the reduction step to AN té by R)

sists of a reduction of all the 'descendants' of s via R.

.1.1. Descendants. The notion of ‘'descendant (via R)' is defined as fol-
If t > s is a rule scheme and p(t) -~ p(s) an instantiation such that
t' < p(x) for some occurrence of a variable x in t, then t' gives rise
to some copies, called descendants of t', in p(s) , depending on the
possible occurrences of x in s.

; [Cy Do()1] — C][C2 [p(s) 11, where c, [ Jis

not the trivial context (i.e. p(t) =3 szp(t)]), then Cz[p(s)] is the

) Furthermore, if C




nique) descendant of C2 [po(t) 1.
tation. If M — N is a reduction step, A €M, BcN then A —-—+ = B

ans 'B is a descendant of A'.

MARK. If B is a descendant of A, A is also called an ancestor of B. Des~
ndants of redexes are also called residuals. Note that the contractum p(s)
a redex p(t) is not a descendant of p(t).

If in (i1) C2 [ ] is allowed to be the trivial context, the resulting
tion will be that of 'quasi-descendants'. So the contractum of a redex is
quasi-descendant of that redex.

Note that residuals of a ri—redex are again ri-redexes. Furthermore,
te that in the above reduction diagram, R' consists of a construction of
sjoint residuals S 3Syse-- of s. (This would not be the case in the pres-—

ce of bound variables as in X-calculus.)

%.2. Equivalent reductions. The very useful notion of 'equivalence of

ductions' was introduced first in [12] . Intuitively, two reductions

’RZ’ both from t to t', are equivalent (written Rl = RZ) when the 'same'
luction steps are performed but possibly in a permuted order. Since re-
<es may be nested and contraction of one redex may multiply subredexes,

is not quite clear what 'permuted' means; but via the notion of reduction

igram this can be made precise:

~
IR

R = RI/RZ = R2/R1 g .

) D(R],RZ) has empty right and lower sides.)

t.3. Finite Developments. Let t be a I-term and let IR be a set of redex

'urrences in t. Then a reduction of t in which only residuals of redexes
IR are contracted, is called a development (of t w.r.t. IRR). It is not
d to prove that every development of t w.r.t. IR must be finite (See e.g.
11,13 1.)

A development tg > -ee >t of ty w.r.t. R is called complete if it
mmot be prolonged (i.e. in t there are no residuals of redexes in IR
‘t). All complete developments of t w.r.t. IR and in the same result.

even have:
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.4.3.1. PROPOSITION. ALl complete developments of t w.r.t. R, a set of
edex occurrences in t, are equivalent. '

or a proof, see e.g. [11]. [

.5, NONLINEAR REDUCTIONS.

.5.1. Type 0' TRS's. For the purpose of a classification to be used in this

aper, we will call a regular TRS to be of type 0. We will in the sequel
riefly be concerned with a class of TRS's which will be called to be of
ype 0' and which is obtained as follows from type O TRS's.

Let £ = < F,V,IR> be a TRS of type 0. Let L' be a TRS < F,V,R'> whose
et of rule schemes RR' is obtained from IR by identifying some of the vari-
bles occurring in the rule schemes which were previously different. So &'

s no longer left-linear.

.5.1.0. EXAMPLE.: I has set of rule schemes R = {D(x,y) > E ,
(x) » D(x,C(x)) , B> C(B)} .
dentifying x,y we obtain I' with rule schemes R = {D(x,x) - E,

(x) > D(x,C(x)) , B> C(B)}.

ow £ is of type O, and hence I |k CR. However, for the 0' TRS I' the CR
roperty does not hold; for, consider CB - D(B,CB) - D(CB,CB) - E and
B >~ C(CB) -~ C(D(B,CB)) —> C(D(CB,CB)) = C(E). Then C(E), E have no common

educt, as can easily be proved.

.5.2, Type 0" TRS's. Now let I = < F,V,IR> be a TRS of type 0'.

.5.2.0. DEFINITION. (i) Let t - s € IR be a non—leftlinear rule scheme. Let
be the leading symbol of t. Then P is called a nonlinear operator.

ii) Now suppose that I is a ranked TRS of type 0'. Then I is called of

ype 0" if none of its nonlinear operators occurs in a RHS of some rule

cheme in R.

The following theorem is a corollary of a result in [11], as noted by

41.

.5.2.1. THEOREM. Let I be of type O". Then L |= CR . O




5.2.2. REMARK. The hypothesis that I is ranked in Def. 1.5.2.0 (ii) is
sential for the confluency of 0" - reductions. For, consider % = CL (as
1.2) augmented by the rule Dxx - E. Then, as demonstrated in (111, the
interexample to CR for I' in Example 1.5.1.0 can be simulated for the
:sent I = CL + Dxx » E. Yet the only nonlinear operator D in I occurs in
RHS of a rule scheme.

Translating I to a ranked TRS ZA » we get the rule schemes of CLA
2) augmented by A((A(D,x),x) >~ E. Now A is the nonlinear operator (mot D)

1 indeed A occurs in several RHS's of rule schemes of ZA , as has to be

(see

> case since I [¥CR implies evidently that also ZA ¥ CR .

CONDITIONAL TERM REWRITING SYSTEMS

sebraic specifications of abstract data types often contain not only equa-
»m schemes t(z) = s(§)(which can be modeled by reduction schemes
;) -> s(z)) , but also conditional equation schemes Q(;) = t(§) = S(§)
:re Q is some predicate of the variables x. Indeed, conditional reduction
le schemes of the form Q(?) = t(§) -> s(g) are considered in [13] . There
1e 'well-behaviour' of the Q(z) is explicitly required in order to have
ifluency and other properties of the generated reductions.

We will consider reduction rule schemes such as they can be associated

what is called in [6] positive conditional equations. These are of the

m

re ti,si(i=1,...,n) and t,s are open terms. The basic assumption that
will make (just as in [13] and [14]) to deal with positive conditional
lation schemes, is that the RHS's t = s of these implications, when viewed
reduction rule schemes t + s, constitute a TRS of type 0. The condition

t, = s, will not be subject to restrictions. In particular it may con-
n variables not occurring in t = s.

In order to treat (x) as a conditional reduction rule scheme, some
sibilities concerning the LHS AAti = s arise, as expressed in the fol-
ing definition. It will turn out (in section 6) that only two of the

r possibilities are sensible and interesting.
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UNDED-STACK

rts: b-stack, entry, bool, int

astants: O,M e¢ int, true € bool, # € b-stack, @ ¢ entry

actions: PUSH; b-stack X entry = b-stack
POP: b-stack -+ b-stack

TOP: b-stack - entry

< : int X int - bool (less than)

# : b-stack - int (# : size)

S: int - int (S: successor)
loms: # (@) — 0

# (PUSH (x,y)) —> S(#(x))

M — S(5(5(5(0))))

POP (@) —> ¢

# (x) <M —>» true =  POP (PUSH(x,y)) — x
TOP (@) — o

# (x) <M —» true = TOP (PUSH(x,y)) — y

.) The following example is included merely for illustrative purp
'Trivial Combinatory Logic' , TCL, has the same operators I, K

CL in 1.2, and has conditional rule schemes:

a—»> I A b—>»1 A ¢ —> I = Sabe — ac(bc
a —» I A b—» 1 = Kab — a
a —> 1 = Ia — a

, 1s a type IIIn TRS.

i) CL + the conditional rule scheme x + y = D(x,y) ~ E is a t:

TRS.

. Generating the rules from the conditional rule schemes.

If r = 'ml t; ™™ n, = t>s is a type I conditional
1=
eme and p is an instantiation, then
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p(r) = iAE] p(t;) = n, = p(t) > o(s)
1lled a conditional closed rule. The word 'closed' will sometimes be
ed; but the presence of conditions will always explicitly be mentioned.
rule has the form p(t) — p(s), without conditions. The rules
— p(s) which give rise to the reduction steps C [p(t)] — C [p(s)],
renerated from IR, the set of conditional reduction rule schemes, as
WS.
First we recall the notation IR, for the set of closed instances of the
.tional reduction rule schemes in IR, and R® for the contextual, tran-
re reflexive closure of a binary relation on TerC(Z)(a set of rules).
:der to bring out the 'least fixed point' aspect of the reduction —

is determined by IR, we define:

.» DEFINITION (Application of sets of conditional rules.)

Let X be a set of closed conditional rules M i:i —> n. =2 t—s
and let Y be a set of closed rules tj — sj (j €I). Then X(Y)
("X applied to Y') is the following set of closed rules:

t—>5s e X(Y) < t-—>s € Y, or : there is a conditional

rule M t. —» n. = t->s in X such that t. —» n. ¢ Y° for
i<k 1 i i i
all i <k.

don: X2(Y) = X(X(V)) , etc.

Now let £ = < F,/,R> be a TRS of type III . Then R(Z) is the set

rules of ¥, and we define:

R(z) = U R" (9) .
new
) Now the reduction relation -— of I is R(Z)m (the monotonic or
'contextual' closure of R(Z)) and —>» is R(Z)m*(=R(Z)°) .
We will define the Zntermediate reductions > (kew):

_ n m
— = (U RO




(S0 5> =¢"=¢and 5» =g = g" = =)
RED(Z) is the set of redexes, i.e. the LHS's of elements of R(Z). NF(Z)"

is the set of normal forms, i.e. terms not containing a redex.

.1.1. REMARK. (i) Note that — = U —k——>.
kew

) Definition 2.4.1 is given for type III(n) conditional rule schemes, but

it is obvious how to adapt the definition to the case of type I, II.

-1.2. EXAMPLE. Consider TCL as in Example 2.3 (ii). Then e.g. SIII —» I,
III) IT —»> I . However SSII is a normal form, albeit not an uncondi-

nal one.

STABILITY OF CONDITIONS

us for the moment consider conditional TRS's where the condition Q in a

ditional reduction rule scheme
> > -> -
ex,y) = t(x) > s(x)

. > .
an arbitrary predicate. Here the variables y do not occur in the RHS of

implication.

te that the intended meaning of the quantification of the variables

; is as follows:
v,y [QGLY) = tR) > s(X)]
*h is by predicate logic equivalent to
Vi [@Ey &) = t@) — s@71.)

I be a conditional TRS where the conditional rule schemes have the form
,;) = t(§) - s(§), and such that the unconditional part Zu is of
+ 0.

. . . . ->
(Note that if p is an instantiation such that Q(px,p?)
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nce A = p(t(x)) — p(s(X)) = B is a rule of ) and C c A is a proper
edex, then because Zu is of type 0, C E_p(xi) for some X, € §(= XjseeesX

Now suppose that we have two diverging reduction steps

Q(og,og;)
A Y B

contraction

]
|
|
|
|
of C I
I

L___T_____%

Al 2Q D

Then the construction of the corresponding elementary diagram needs

validity of the condition
QP (%)) 5w eesp ()", ue 0 (x ) 5 0(F))

e p(xi)' results from p(xi) by contracting C.

DEFINITION. If in the above situation for every p the validity of @

reserved, then @ is called a stable condition.

THEOREM (0'Donnell [131). Zet I be a conditional TRS with conditional
schemes Q(Q,?) = t(X) > s(X) such that Zu 8 of type 0 and all
itions @ are stable. Then ¥ - reductions are confluent, and common re-—

s can be found by the canonical reduction diagram construction as in

F. The stability of the conditions ensures that elementary diagrams can

onstructed, as if we were working in Zu .

LLARY. Type 1 reductions are confluent.

F. Consider a type I conditional rule scheme:

->
£ &Y =8 & A A G = sty 2 @ > s() .
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> >

hen the condition Q(x%,y) defined by the.LHS of this implication is obvious—
3 3 .+ . .

y stable, since if ti(pg,p;) = si(pg,py) then reduction in one of the

(Xj) does not disturb the equality (as it is the transitive reflexive

ymmetric closure of reduction). O

.4. REMARK. Intuitively, confluency for type III reductions is not plausi-

le, since if

T2 5 0&EY) — s 06N = 8,

cf. the proof of Coroll. 3.3) then reduction in one of the p(xj) may very

ell disturb the condition:

nd now Ti — Si cannot be expected; even if CR would hold we have only

I, 5 i

or IIIn - reductions however, Si is a closed normal form and hence we may

ope to have stability:

ikewise, for II - reductions, stability is not a priori impossible:




A bit surprisingly, it will turn out that in the
CR fails.

First we establish the
4. CONFLUENCY OF TYPE IIIn REDUCTIONS

THEOREM. Let I be a type IIIn TRS. Then I- redu
zommon reducts can be found by the canonical red

28 in 1.4.

PROOF. We recall the definition of the intermed

—5—9-(n.ew) in Definition 2.4.1.

CLAIM. Let A —;;"+ B and A —a—+ C. SoA—
the elementary diagram determined by these two r
the common reduct D (see figure) we have not onl

but even B —Erﬁ> D and C —;fe> D.

- redu

onflue

am con

on rel

ps. Th
and C

21
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be
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learly, the result in the theorem follows at once from the claim, since we
lready know that diagram constructions (as in 1.4) by repeatedly adjoining

lementary diagrams, must terminate in a completed diagram.

ROOF OF THE CLAIM. By induction to n +m.

asis: n =m = 0. In this case the claim is vacuously true,>since o is

he empty relation.

nduction step: Suppose the claim is true for all n,m such that n + m < k.

onsider n,m withn + m = k+1. Say n > 0. The only interesting case is that
here A is a redex » A = p(t) , containing a proper subredex S which is

ontracted in the step A = C :

o (x)

——A

= p(t) = c[s] o (:: S S ::) = p(s) = B
m
m
ml
B = cCIs'] | ——mmmmmmeo ><s’ S )ED
n?

'

p'(x)

n the reduction B ——» D where copies of S are contracted, there is no
roblem : B e D.

The question is, however, whether the step B —> D is an n -step.
et the step A —— B be generated by the conditional rule scheme

M t, —» n, = t > s , via instantiation p. This means, by defini-

1
<k

ion of -7;—+ , that p(ti) n, for i < k. Because Zu is of type O,

-1

e have S ¢ p(x) for some x in t. Say p(x) = C [S] for some context C [ J.
We have to prove that also p'(ti) -5:7ﬂ> n. for i < k, where

'"(x) = C[S'], S' is the contractum of S, and p'(y) = p(y) for y # x.

or, then B = p'(t) —;—+ D will be a consequence,




Now the induction hypothesis states that

(i.e. the claim holds for n-1,m). So we can construct a diagram e.g. as

the figure:

p(t;) =--C[s]~--cCls]--cls]-~-
n.
| 1
n-1 n-1 n—-1 n-1 |
S |m m m m I
|
J !
-1 -1 -1 }
o o o | Q, empty
S|m m m m | reductic
|
m 1
n—1 n—1 n-1 i
|
S|m ]
|
|
J
n—-1 n-1 0y
p'(t;) = —-Cl[s']--cC[s'] ——C[s'] -~

Hence p'(ti) T R (i<k) . This proves the claim and thereby the

theoremn,
5. EMBEDDING CONDITIONAL TRS'S IN UNCONDITIONAL ONES

By introducing some more operators in a conditional TRS of type II or II
we can eliminate the conditioms. That is, the conditional TRS's can be e
bedded in unconditional ones. We will not explore the more formal aspect
of this embedding, but use it as a heuristic tool to construct the count

examples to the CR-property for some type II and TRS's in the next secti




moreover we will use the embedding in order to a natural cr

decidability of the set of normal forms in a ty :n TRS I, i
n 8.
. DEFINITION. Let £ =< F,I,R = {ri] ieJ}> be of type III.

To each conditional rule scheme

k
r. : M t. —» s. = t — s
1 j=1 3 J

associate the pair of rule schemes ri s r; (ied
r: : t —> §,.(t,,...,t
i 1( 1° i k) s

r') Gi(s],...,s — I.

)
) L. =<F ,V,R.>, where

Fo=Fu {1} u {Gili eJ}

$
= 1 v .
R, {ri ’riil ieJ}u {Ix — x1}.
. DEFINITION. Let I = < F,U,R = {r |ieJ}> be of type II.

To each conditional rule scheme

associate the pair of rule schemes ri s rg (ie J;
t ———9-Si(tl,sl,tz,sz,...,tk,sk)
r'! 6i(xl,xl,x2,x2,...,xk,xk) — I

) £. is defined analogous to Definition 5.1.

8

m




5.3. PROPOSITION. (i) Let I be of type III. Then L, is a leftlinear TRS

§
(but possibly ambiguous).

(ii) Let I be of type IIIn . Then T s of type O.

(iii) Let I be of type 11 . Then T

8

s 28 of type 0' (but not of type 0").

PROOF. Obvious.

5.4. PROPOSITION. Let I be of type IIIn . Then for all t,s € Ter(Z) :
I | t—>s = 1. £t —»s .

PROOF. A routine induction on n (in —;—»); each I —reduction step can be

simulated in X _, by construction.

6 H

5.4.1. REMARK. The reverse implication («) in Proposition 5.4 holds also

>ut since we have no need for it, we will omit a proof.
5. TYPE II AND III REDUCTIONS ARE NOT CONFLUENT

5.1. Consider the type IT TRS I where R =

x + C(x) = C(x) — E
{ B — C(B)

Then 26 is a type 0' TRS with R, =
C(x) — 8(x,C(x)) E
S(x,x) — 1
Ix — x

B — C(B)

(Note that we use ranked and applicative notation simultaneously; cf. 1.

3f. Example 1.,5.1.0. As in Example 1.5.1.0, 26 # CR :




B—> C(B) — 8§ (B,C(B))E —> & (C(B),C(B))E — IE — E

l

v
C(E)

now C(E)‘fE as 1s easily seen.

analogy, we have also I |# CR:

B +C(B)
B —> C(B) —— E
}
c(c(B))
y
C(E)

now C(E) { E , as can easily be proved.

. A variant of this counterexample, the type III TRS =I' with R =

x —» C(x) = C(x) — E
{ B — C(B)

vs that type III reductions are in general not confluent.

. EXAMPLE. Consider the type II TRS as in Example 2.3 (iii):
CL+x+Vy = D xy + E. Then, intuitively, the CR-problem for &
:he same as for 26 = CL = {Dxy — 8§(x,y) E, 6(x,x) — I}. Again, it is

1itively clear that I, has the same CR-problem as

8
= CL + {Dxy — 6'"(x,y) , §8"(x,x) — E}.

But this is nothing else than Zg = CL + {Dxx —> E} for which Zg ¥ CR
1 counterexample analogous to the one in Example 1.5.1.0. (Cf.also Remark

,2.2). Hence X |# CR.
[HE COMPLEXITY OF NORMAL FORMS
:n an unconditional TRS I , the set NF(I) of normal forms is clearly

idable. This is no longer true when I is of type I or IIIn » in which

:s the complexity of NF(Z) can even be complete ﬂ? . (By the nonconfluency
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result of the last section we will no longer consider type II TRS's and type
III TRS's in general.)

We will give some conditions for I in order to have a decidable set of
normal forms, which is important if one wants to use terminating reduction

strategies (see section 9).

7.1. DEFINITION. Let I be a TRS (of type 0, I, IIL ).

(1) Then the set of normal forms of £ , NF(£) , is the set of I-terms M
such that TIN M-~ N.

(ii) Let Zu be the unconditional TRS (so of type 0) associated with I. Then
NF(Zu) c NF(Z) is called the set of unconditional normal forms of E.

(iii) Let I have the conditional rule schemes T seeesl . Then M ¢ Ter(Z) is
a ri-preredex if M is a (ri)u- redex of Zu . (Recall that (ri)u is

the unconditional part of ri.)

In the case of IIIn - TRS's , which are our main interest, the normal

forms are naturally partitioned in a hierarchy, as follows.

7.2. DEFINITION. Let I be a IIIn—TRS.

(i) By induction on n we will define the set NFn(Z)_E NF(Z) of normal forms
of order n.

3aszs . NFO(Z) = NF(Zu), the set of unconditional normal forms.

Induction step. Suppose the set of normal forms of order n, NFn(Z) , 1is de-

fined. Then NFn+](Z) is defined by:

qe NFn+1(Z) iff whenever M' ¢ M is an r-predex (where r is a conditional
trule scheme of % and r is t, > oA AE o > t->s, soM is
an instance of t, say M's p(t)) , then for some j € {1, ...,k} :

3L <n IN € NFK(Z) p(tj) »> N & N¢Z nj .

N#e will call a normal form of order n also a n-normal form.

(i1) NEE(Z),the set of normal forms of finite order, is U NFn(Z).
new

7.2.1. PROPOSITION. (i) NF, ¢ NF, c NF, ¢ ...
(ii) NF_ < NF.




OF. (i) obvious; (ii) follows by a simple induction from the CR property
IIIn TRS's (Theorem 4), noting that CR implies unicity of normal forms.

a

2. FIGURE. So we have a 'spectrum' of irreducibility as follows:

NF

f
A
\
NF]
f———L“_\
Ter(Z) - __-k;fédekeé“f‘nf
NF - NPT

0 < ~ .t RED
normal forms (NF) reducible terms

. EXAMPLE. Consider TCL as in Example 2.3 (ii). Then SII is a O-normal
m, & = SII (SII) is a l-normal form, S Q@ & Q is a 2-normal form. In fact,
ry non-reducible term will be in this case a normal form of finite order

Proposition 7.5 below).

. PROPOSITION. Let % = <F,V,IR> be of type IIT . Suppose R 1s finite.Then:
The set NFf(Z) of normal forms of finite order is semi-decidable.
) The set NF(I) of normal forms may be vndecidable.

JF. (i) is apparent from the definition. (ii). Consider the TRS CL , as
1.2. It is well-~known that the natural numbers can be represented by CL-
ms n, which are in normal form ; furthermore, there éxists a CL-term E ,
> in normal form, which acts as an enumerator in the sense that, if

]
Ter (CL) — IN is a recursive coding of CL-terms:

all M € Ter (CL). For a proof, see [1] p. 162.

Now consider I = CL extended by a new operator T and the conditional

w

Ex —» 0 = Tx — 1.
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Note that the I —reduction — , thus obtained, satisfies
Ex —» 0 = Ix — 1 .
Hence, if NF(Z) were decidable, the set
{ Me Ter(CL) | EM — 0}
and in particular
{ n e Ter(CL) | En —> 0}

would be decidable. Since £ F CR (Theorem 4) and noting that, hence,

En —> Mand En —> 0 implies M —» 0 , this would mean that
{Me Ter(CL) | M—> 0}

is a decidable set, which is not true. (This follows e.g. from a theorem of
Scott, see [1] p. 140, as follows:

If ¢_§ X.% Ter(CL) and X is closed under equality, then X is not recur-—
stve )

So NF(Z) is not decidable. O

7.4.1. REMARK. If NF(Z) is not decidable, it is clearly also not semi-deci-
dable, since the complement Ter(Z)-NF(Z) is semi-decidable. Being the com-—
plement of a semi-decidable set (i.e. of complexity Z?) » NF(Z) has always
. 0
complexity H]

to show that NF(Z) is complete H? .

. For ¥ as in the proof of Proposition 7.4 (ii), it is not hard

Jext we will state some conditions for IIIn — TRS's which ensure the

decidability of the set of normal forms.

7.5. DEFINITION. (i) Let I be a IIIn-TRS. Then I'has subterm conditions'

iff for every instance of a conditional rule scheme

o(tl) > 0 Al Ap(g) — n, = p(t) — p(s)




nave

p(ti) g;p(t)(i.e. p(ti)is a proper subterm of p(t))

) As a special case of (i), we say that I 'hae variable con

try conditional rule scheme is of the form
—> n, A ... A —> = t —
X Xy o, s

e X, 5 «..,X are variables occurring in t.

. PROPOSITION. If L Zs a IIT - TRS having subterm condition
NF(£) = NF,(Z)
) NF(Z) is decidable.

JF. (i) Let M be a term which is not reducible, and suppose
ormal form of finite order. Choose M minimal so, w.r.t. <.
per subterms of M are normal forms of finite order. Let m be
their orders. Then clearly M is a normal form of order m + 1
term conditions.

) The set of reducible terms is semi-decidable (just genera
le finite reductions, as in Definition 2.4.1). By Propositio

of this Proposition, its complement NF is also semi-decidab

1 the set of reducible terms and NF are decidable.

.1. EXAMPLE. TCL , in Example 2.3 (i1), has variable conditi

iLs decidable.

. DEFINITION. Let X be a TRS.
Then X F SN ('r has the Strong Normalization property')
there are no infinite I-reduction. Equivalently: iff every
minates eventually (in NF(Z)).
) F WN ('Weak Normalization') iff every M € Ter(Z) has a
. there exists an R =M > ... > N with N € NF(2).

s! iff

[ is not
all
|aximum

e I has
pos-—

i) and

nce

ence

iction

form,
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DEFINITION. Let I be a IIIn — TRS . Then:

z F SN0 iff every reduction terminates eventually in a O-normal forﬁ;
T != SNf iff every reduction terminates eventually in a normal form of

te order.

THEOREM. (Criteria for NF-decidability in IIIn—reductions). Let T be a
- TRS. Then the following implications hold.

(1) (ii)
L SN, Ig kSN
Utriv. /
(iii) (iv) (v)Z
oy ko " F S condf onse
M/tri"' %iv. Utriv' %Op. 7.6
(vi) (vii)
Ik SN NF_ (Z)=NF(Z)

Uas in 7.6
(viii)

NF (% )is decidable

F. (v) = (vii) = (viii) is Proposition 7.6. (iii) = (vi) ,
= (iv) = (vi) and (iv) = (vii) follow trivially from the def-
ions. ‘

rove (ii) = (iv), assume 26 |= SN. By Proposition 5.4, £ |= SN . Hence
i1ffices to prove NFf(Z) = NF(Z) . For a proof by contradiction, suppose
2 is a normal form M without finite order. Say M = Clp (t)] for some con
o»nal rule scheme t] B0 AL A tk »> oy = t >s and some context
1. By SN, all p(ti)(i=1,...,k) have a normal form ni . One of the ni
be wrong (ni # ni) and without finite order. Say ni is such a wrong

1l form without finite order. Write M' = n! .

Since M' is a normal form without finite ogder, the same reasoning as

1 applies to M'. Continuing in this way we fined an infinite sequence
'\M', ... . This sequence is reflected in an infinite reduction in 26
>llows. (Here we use Proposition 5.4 which says that reductions in &

e simulated in 26.)




MzcClp(t)] ~ CEG(p(t]) seees P (s )yenn, p(t)) o (s)]
0

Prop. 5.4
\%
CLS((tds ooy My ewy 0(8)) p(s) ]

so on. g

1. REMARK. Most of the valid implications between (i), ...,(viii) are
1layed in the diagram of implications in Theorem 7.9. Several of the non-
ications follow by considering the next example. A positive answer to
following question would yield a useful criterion for NF —decidability:

v (111) = (viii) hold?((iii) # (vii) as the next example shows.)

). EXAMPLE. (i) Let I have as operators : A,B,C,D,E,F,0, all of arity O,

conditional rule schemes:

cC—»> 0 = A->B
C~>D
F—> 0 = D~>F
F->A.

1 NF(z) = {A,B,C,E,0} and NFf(Z) = {B,E,0} . Since NF(Z) # NFf(Z) , we

: have 26 [# SN. Indeed this is the case; 26 has rule schemes:

A — § CB
§0 — I
Ix -—-x

D — &' FE
§'0 — I

c —D

F — A

now A—> § CB — 6§ DB —> 6(S8'FE) B — S8(8'AE) B — ... vyields an in-

.te reduction.




(1i) I has as only scheme the conditional rule scheme
L(L(x)) —> 0 = L(x) —> 1 .
lhen L(0) is a normal form without finite order. In fact,

Ter(Z) = NF(Z) ; NFf(Z) ={ 0,1} .
3. CRITERIA FOR TERMINATION.

[n this section we will mention some criteria, given in [11], for
:ion, i.e. properties implying I |= SN, which hold for I of type
vhich generalize to type I, IIIn. The proofs are verbatim the same
for type 0 in [11] and will not be repeated here.

We will suppose that some 'oracle' is given telling us what t
>f % are (i.e. the LHS's of the rules in R(Z) as defined in 2.4.1)
RED(Z) be the set of I-redexes. In this connection, let us mention
Juestion. Are the following equivalent?
(1) NF(Z) is decidable
(i1) RED(Z) 1is decidable.

( (i) = (i) is trivial. Furthermore, it is easy to show that
£ |= SN & NF(Z) decidable = RED(Z) decidable.

lowever, since we are concerned with termination criteria and, in
section, with terminating reduction strategies, this concern would

lize when SN is already assumed.)

3.1. DEFINITION. (i) A rule scheme t =+ s is non—erasing when t,s h
sane variables (e.g. Kxy = x 1s an erasing rule scheme).

(ii) A type O TRS I is non-erasing when all its rule schemes are.
(iii) A type I or IIIn TRS I is non-erasing when Zu is non—-erasing

VYotation: X |= NE .

3.2. THEOREM. Let I be of type I or IIIn .
lThen: I |= NE = (z EWN < I |= SN).
(For WN,SN see Definition 7.7.)




in order to prove Strong Normalization for a non-erasing TRS of type I,

1 it is sufficient to prove Weak Normalization.

. DEFINITION. Let I be of type I or IIIn.

= WIN (Weak Innermost Normalization) iff every I-term has a normal form

ch can be found by reducing innermost I-redexes.

. THEOREM. (O'DONNELL [13])
: L be of type I or T . Then:

I |= WIN < L |= SN . g

'« DEFINITION. Let I be of type I or IIIn . L |= DR (Decreasing Redexes)

" there is a map d: RED(Z) — IN, such that
if R' is a residual of R in some reduction step, then d(R) > d(R') ;

) if R' is created by contraction of R in some reduction step, then
D) > d(R").

'« THEOREM. Let I be of type I or T . Then:
= DR = I |= SN . g
TERMINATING REDUCTION STRATEGIES

logous to the previous section, also the main results about terminating
uction strategies for type 0 TRS's carry over to the case of I or IIIn

's. In order to execute strategies, we assume again an oracle deciding

' us whether a Zu-redex is also a I-redex.

For the definitions of the following strategies we refer to [11,13,14].

. THEOREM. Let I be a type I or IIIn TRS. Then the following are termi-
ing reduction strategies (i.e. find the normal form when it exists) :

the 'full substitution' strategy (or 'full computation' strategy)
) the 'parallel outermost' strategy .
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PROOF. (i) As for the type 0 case, see [11] .

(ii) As for the type O case, see [13]; or see the Appendix in Section 12. [
10, HIERARCHICAL CONDITIONAL TRS'S

In [14] an interesting class of IIIn—TRS's is introduced and analyzed , name-
ly conditional TRS's with a hierarchical structure. In order to define

these hierarchically structured TRS's , first the following definition.

10.1. DEFINITION. (i) Let IR be a set of conditional rule schemes, and
[ c Terc(Z) some set of terms. Then IRT(E_fﬁ) is the set of all conditional
rules obtained by instantiations p : V — T.
(ii) 1ff = <F,V,R> and ' = <F',V,R"> are TRS's, then :
A FcF'&a R cIR'.
Jow Pletat et.al. consider in [14] TRS's obtained as follows.
Given is a finite chain ZO < I;c ... E_Zn where Zi = <:Fi,V,IRi>,

L £ n, IRO contains only unconditional rule schemes, R (i<n) contains

:onditional rule schemes AAtj —> nj = t— s oflzépe IIIn such that
the conditions tj — nj contain only terms € Ter(Zi).

(In fact the Zi (i< n) in the definition of [14] are subject to sig-
1ature restrictions; this does not seem essential however,)

Furthermore, let I be Zn; then the set of closed rules of I, Rh(Z), is
lefined by the following inductive definition. (Cf.Definition 2.4.1; we
irite Rh(Z) instead of R(IZ) here to denote that the hierarchy has to be

:aken into account.) Let Ti abbreviate Terc(Zi) , 1 =0,..., n.
T
Rp(Zg) = Ry 70
T

i
Bp(Ziey) = Ry v Ry (Rp(2))

[n order to have the CR property, [14] requires the property of 'forward-

)reserving’:

A€ Ti & A->Be Rh (Zi+1) = A=+ B e Rh(Zi), for all

. < n. This property is implied by a syntactic requirement, viz. if




-2 12 then t

-

tains a 'mew' operator € F

—> n. = t - s is a conditional rule scheme in IRi+
... = F..
1+1 1

Also in this approach the problem of decidability of the set of redexes,
() , and of the set of normal forms, NF(Z), arises. (The example in the

of of Proposition 7.4(ii) , where NF(Z) was complete ﬂo

1 ° applies also

this hierarchical case.)

We note that the hierarchical approach does not yield always the same
gruence on the set of terms as our definition. Namely: let A be an alge-
ic specification with conditional equations. Suppose to A we can associ-

a type IIIn TRS ZA , as in Example 2.3(i) ('BOUNDED STACK') which was
en from [14]. Then the reduction — which we have constructed as a 'least
ed point', yields the same congruence as the initial algebra semantics
A. We will not give the routine proof of this fact here.

However, when A is 'partitioned' so as to obtain a hierarchical

ZA , the reduction relation given by Rh(ZA) may yield a congruence which
strictly coarser than the congruence of the initial algebra semantics.

imple example to show this is:

2. EXAMPLE. I, = <{pP,q,0}, V, {P(@x) - 0} >,
=< {pP,,0, A,B,C}, V, {P(@x) ~ 0, C=>C,

P(x) > 0 = A(x) — B} >

the chain £, c I determines a hierarchical TRS in the sense of [14] ,

0 1
ch is 'forward complete'. According to our definition 2.4.1, R(Zl) con-
ns A(QC) — B, since also P(QC) — 0 € R(Zl).

For the hierarchical TRS , P(QC) — 0 ¢ Rh(ZO) , since

¢ Terc(ZO). Hence A(QC) — B ¢ Rh(Zl).

Probably it will be possibly to extend the definition of hierarchical
in a simple way so as to obtain coincidence of the congruence thus de-

mined and the congruence of the initial algebra semantics.
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1. POSSIBLE EXTENSIONS

‘n this section we will mention some directions in which the preceding re-

jults can be generalized, and a direction in which such a generalization

‘ails.

1.1. Disjunctions. It is not hard to prove that also disjunctions may be

11lowed in the LHS of a type I or IIIn conditional reduction rule scheme,

thile retaining the confluency results.

108
x—»> 0 V(x—>1 Ay —0) = P(x,y) — Q@

.s such a type IIIn conditional rule scheme. The 'effect' of this conditional

'ule scheme is the same as that of the pair of conditional rule schemes

r, : x —»> 0 = P(x,y) — @

L x—=>>1 A y—» 0 = P(x,y) — Q .

If I contains such a pair Ty Ty where (ro)u = (rl)u . Zu will be ambi-

uous; but this ambiguity is entirely harmless.)

1.2, Infinite disjunctions. In the same way we may admit infinite disjunc-

ions in the LHS of a type I or IIIn conditional rule scheme. Thus we ob-

ain rules like

W x —» N = P(x) — @
Ne NF (Zu)

'If x has an unconditional normal form, then P(x) — Q.')

1.3. Bound variables. It is also possible to derive the preceding results
except the one about WIN, in Theorem 8.4) for CR S's as in [11], i.e.

RS's with bound variables, having reduction rule schemes like e.g.
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ux.
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iguous
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conflu
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imple
P(
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critic

P(Q(

|

P(

—#—

‘e no c

B — A(B)
—  A(px. A(x))

) Ay. N(y)) — Ay. M(N(y))

re generalize a result of O0'Donnell to this case.

i« In [8] a confluency theorem is proved for (uncondi-

‘e left-linear, but may be ambiguous (i.e. have critical

If T is a leftlinear TRS and for every critical pair
#+—> Q, then T is confluent.

iarallel reduction at disjoint occurrences.) We remark
f TRS's as in Huet's theorem is immediately disturbed
dded of types I, or IIIn . The following TRS I pro-
:rexample to the CR property:

—> P(R(®))
— R(x)

- T = R(x) — R(H(x))
r of £ is < A,B> as in the diagram:

—> PRH®E)))
!
!

"
[>~]

— P(R(H(x)))

1]
[o=)

mnce Zu|= CR by Huet's theorem. However in I the terms

reduct, since the condition S(x) —> T is never true.
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12, APPENDIX. Parallel outermost and leftmost reductions.

In this appendix we will give an account of O'Donnell's ingenious proof that
parallel outermost reductions are terminating whenever possible, and like-
vise for leftmost reductions if an additional assumption is made. Our version
>f the proof will illustrate our terminology of reduction diagrams, which,

ve feel, exhibits the structure of the proof more clearly. Moreover, we will
rove a strengthened version, applying also to the case of term rewriting
;y;:ems with bound variables (e.g. a TRS containing A-calculus). This ans-
vers a suggestion in O'DONNELL [13] ('Further Research',p.102), namely to
seneralize his Theorem 10 to 'SRSs with pseudoresidual maps' . In fact, our
seneralization goes further than that; it applies also to the class of 'Com-

>inatory Reduction Systems' as in [11]

|2.1. PROPOSITION. Let D be an elementary reduction diagram as in the figure,
wmd let Ri < Mi(i=0’2’3) be redexes such that RO—-—-~> R
lef. 1.4.1.1.)

Then there is a unique redex R, cM

g e R3 . (See

i such that RO ————— R]—-~-+ R3 .

MO M 1

')ROOF. Routine. 0

2.2. DEFINITION. Let m be a predicate on pairs of terms M,R such that
< M and R is a redex. (If it is clear what M is meant, we will call R such
‘hat m (M,R) a 'm-redex'.)
i) m has property I if, in the situation of Proposition 12.1:

i (MO,RO) & m (M2,R2) & m (M3,R3) = T (MI’RI) .
ii) m has property II if in every reduction step M ——— M' such that

1m(M,R) , every redex S' ¢ M' such that w(M',S') has an ancestor redex




M with 7 (M,S) . (" ln-steps cannot create new m-redexes")

3. PROPOSITION. (Separability of developments)

T have property 11. Then every development R = M, — ... — M can be

0
wated intoRa 'n—parﬁ ' followed by a 'l m-part'; Z.e. there are reductions
..] :
' MO =N =0, .o —E——+ N, such that m (N.,R.) (i<k) and
ROO k i1
: Nk —_ ... Nk+£ = MI.1 such that Tﬂ(Nj,Rj)(ksJ<k+E).

Moreover, R is equivalent to RTT * R-jﬂ . ("x' denotes concatenation)

JF. Let R be a development of some set R of redexes in MO . Let these be
racterized by underlining their head symbol. Contracting each step an ar-
cary underlined m-redex, must lead to a term in which all remaining un-
lined redexes are “In-redexes. (This is so by the 'Finite Developments'
na 1.4.3.)

Then we start contracting the underlined “ln-redexes. By property II,
; process will not create new underlined m-redexes. Also this “lr—part of
development stops eventually.

The equivalence follows because all developments of the same IR are

ivalent. (1.4.3.1). O

3.1. REMARK. For TRS's we do not need this proposition in the proof of

>rem 12.8. When bound varables are present, we do.

4. EXAMPLE. (i) m (M,R) <> R 7s a redex. Then properties I,II hold

is Prop. 12.1 and II is vacuously true.)

) m® (M,R) < R <s an outermost redex in M. That property I holds can
seen as follows : consider the situation as in the hypothesis of

position 12.1 , where moreover RO’RZ’RB are outermost. Let Si be the

2x contracted in M0 —_— Mi , 1= 1,2 . Suppose Rl(as in the Proposition)
aot outermost. This can only be the case in in M, a redex P is created

1

ch covers Ri . However, in M]‘~—*> M3 redex Rl becomes outermost again,

ch can only be the case if P is contracted. But this is not so since in

—» M3 residuals of S2 are contracted (and P is not a residual of S2 s
ng created).
Property II is: easily verified;it follows by what in [13] is called the

ter' property, which holds for every regular TRS.
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(iii) = (m,R) <= R Zs the leftmost redex of M.

Without additional assumptions, property II does not hold.

Example (of [9])

Z={F(xB)—>D, C—C, A— B} . Then the step F(C,A) — F(C,B) is a
counterexample.

12.5. DEFINITION. (i) Let R = MO —»—Ml > ... be a (finite or infinite) reduc-
tion. Let Mj be some fixed term in R (j=0,1,2,...). Let Lifi Mi for all i = j
as far as Mi is defined, such that Lj —e—e> Lk+1 —e¢=+> e¢++ « Then this se-
quence is called a trace (of descendants) in R.

(ii) Let the Li as in (i) be redexes, and suppose 7 is a predicate as in
Definition 12.2. Then the trace L is a m-trace iff Vixj 'n(Mi,Li).

(iii) Let R be a reduction and m be a predicate. Then R is m—fair iff R con-

tains no infinite m-traces.

12.5.1. EXAMPLE. Let m be as in Example 12.4 (i),(ii),(iii) respectively.
Then m-fair reductions are called in [13] : complete, resp. eventually outer—

most, resp. leftmost reductions.

12.6. PROPOSITION. Let m be a predicate as in Definition 12.2 having proper-
ty I. Let D be an arbitrary reduction diagram as in the figure, where

Ri‘E Mi (1i=0,2,3) are redexes such that R, —-—+>» R_ —+=+»>R. 18 g m—trace.

Then the unique trace Ry =*=">R, —-9-—' —————— 3>R3 Zeadzng via M, is
also a m-trace.

MO M]
1}0‘ """"" »1?1
! i
! v !
v v
RZ_ ......... >> R3 ,

M2 M3

PROOF. Consider the completed reduction diagram D. Then the trace of des—
cendants R0 —.—— R.2 --—-+>R3 can be pushed upwards in stages, each sfage

one elementary diagram further. Result: a trace RO,-._._>;>R]_._.+> R3.




i~

oreover, since the initial trace was a m-trace the resulting

roperty I also a m—trace. [

2.7. PROPOSITION. (m—traceability is imvariant under equival
uctions)

et m have property 1. Let R and R' be equivalent finite redu
O to Mn . Let S E-Mo » S'c M, be redexes such that there is

—-.—-» S' via R.

Then there is also such a m-trace via R', which is morec

ROOF.

S-l-l-l-l-l-l- D ) om v D ¢ G330 GER ¢ GESY J GHED 9 GND ¢ U § GNY | SN/ GHD § SN ) G0 S5 = |
1

-

R'

U o s v 1w 1 o 1 0 0 ) 0 0D
) emmommimeimm oo on o (N

is by

f re—

t from

ace

iZque.
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oposition 12.6 , the m—trace from S to S' via Mn as displayed in the

e, can be pushed down to a m-trace via Mﬂ . Since the right and bottom

of D(R,R") consist of trivial steps, the result follows. g

THEOREM. (O'DONNELL [13]) Let w be a predicate satisfying properties

of Definition 12.2. Then the class of m-fair reductions is closed

projections.
|
! M) M Yeey )
—‘—%— lr_ ________ .,__I: _____________ l_ _____
. " n P2 I Ppsy ;
B W T T 1% i |
T i i | :
A T ! i | i
i k+1 i i 1 i
Bk+| ' ; : : |
| H H
_________ 1i Q i i : i
o P | @ ! i
ik i [ } i :
! : i i | i
| i | i i i
: i : i i i
i i i ! ! i
e e RN 22 N |
H»‘ —
| 1 N N Ny Nout

= M0 — M1 — ... and S ¢ Mb be a redex. Let R | {S} be a projection

Suppose R is m—-fair.

et M —> A —>N_be a rearrangement of My > M | {S} into a m-part
7ed by a Im-part, according to Proposition 12.3. Since the rearranged

:ion is equivalent with the original one, the lower side of

> \ | . .
> A > Nk s Mk — Mk+l)(the curved' reduction Nk —+>Nk+l in the

:) is equivalent to the original ('straight') reduction N, —> N .
k k+1

yosition 12.7, the trace —e—> via the curved reduction
a +1

Nk+1 is also m-fair.
lext we rearrange Mk+] —> Qk+1 » glven as Mk —4>Ak IMk —ﬁ'Mk+1’ into a
: followed by a "Im —part. Iteration of this procedure leads to the

i ' _ _ _ _ . .
case Ak Qk+l Pk+1 Qk+2 ... « This staircase reaches R after




nitely many steps, for otherwise R would contain an infinite trace of des-

;ndants of S with property 7w, in contradiction with the m—fairmess of R.
Now suppose that R' is not m—fair. Say R' contains an infinite

-trace Rk""’Rk+l"" starting in Nk .
By property II for m, we find a m-ancestor Pk S-Ak of the m-redex

. S Nk . (I.e. H(Ak,Pk) holds.)

By Proposition 12.6 the m—-trace Py =*=*»R, -*-*R, ,, can be pushed up

» go via B ; result a m-trace Pk —e—> Qk+1 —-—-e>Rk+1 .

k+1

Then Qk+1 can be traced upward to Pk+l in Ak+1’ while retaining proper-
7 m and the history repeats itself. After finitely many steps we have found
1 ancestor PK of Ry such that m(M ’Pﬂ)‘ Continuing to apply Proposition
.6, the remainder of the infinite m—trace RZ -°—-a>RZ+1 —e—e»,,. 1is

ansferred to an infinite m—trace PK = PK —+=+» through R. Hence

+1
is not m-fair, contradicting our assumption. []

2.9. PROPOSITION. Let R = M0 — ... be a reduction containing infinitely
my steps in which an outermost redex is contracted. Let S <M be a redex.

en R /{ S} Zs again infinite.

00F. (The proof for TRS's with bound varables (CRS's) is considerably
>re complicated than that for ordinary TRS's. Therefore we separate the

coofs, even though the first proof entails the second one.)

. For TRS's.
R Mo Ry M) M R Moy Mo Rg o Mpyy
5 R Ry Rie1 Re Rpsl
s, = R y R ] I -
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R be as in the proposition and suppose R' = R/{ S} is the empty reduc-—
n after some M£ . Consider £ > k. If R, , the redex contracted in
4 d 1 1
— M£+1 » 1s outermost, then the reduction Mﬂ -—%>M£+1 can only be empty
RK is one of the residuals of S contracted in Rﬂ .
that case R£+l has one step less than Rg .
Otherwise, Rﬂ is properly contained in some residual of S contracted

RK . (Here the proof for the case with bound variables would break down.)

ce, since R contains infinitely many outermost steps, after some q,Rq is

ty. So R' coincides after Mﬁ with R and is therefore also infinite. O

For CRS's. (See again the figure above.)

e complication is now due to the fact that the residuals Siof S which
contracted in the development Rn’ n 2 1, may be nested. Therefore Rn’
2 when it is a proper subredex in one of the Si contracted in Rn , may
tain some residuals Sj and so may multiply them. Hence Rn+1 could have

2 steps than Rn'

The idea of the following proof is that this does not matter: if Rn is
roper subredex of an Si , and Rn is not itself a residual of S , then
-%>MA+] can only be empty because R is erased by Rn . That means that
and the Sj contained by Rn are in a '"dark spot" of Mn where it does not

ter what happens.)

We will keep track of the residuals of S in R by underlining their
isymbol. So each Rn(nZO) is a development of the underlined redexes in M.
Let k be as before, in I. In the terms MZ(KZk) we will distinguish (or

1er, obscure) some subterms by surrounding them by a box, as follows.

2s may be nested, e.g. as in

H(|F@, c([B N |)

7ill call a subterm in a box 'obscured'.

‘s step. In Mk—l none of the subterms is obscured.

ietion step. Suppose for Mﬂ we have defined the obscured subterm37 Then:
the quasi-descendants (see def.in 1.4.1.1) in M£+] of those oscured
subterms will be again obscured, and

if Rﬂ is a proper subredex of an underlined redex, and Rl is itself not




underlined, then Rﬂ is obscured.

‘thermore, a reduction step in R is called obscured if it takes place in-

le a box.
\IM 1. There are only finitely many non-obscured steps in R.

JOF OF CLAIM 1. Consider the reduction Mk > Mk+] - ... plus boxes and un-

‘lining. Replace every outermost box in this reduction by the new symbol [].
sult: RD . (So now the obscured subterms are really obscure.) Then some

the steps in RD become empty, namely those in which an obscured redex

i contracted. In fact only finitely many steps in RD will be non-trivial.
.s is evident from the Finite Developments Theorem 1.4.3; for, RD is noth-
1 else than a development of underlined redexes in which sometimes sub-
'ms are replaced by [J. (Note that redexes not covered by an underlined

lex cannot be contracted since otherwise the projection of such a contrac-—

m would not be empty.) This ends the proof.of claim 1.

AIM 2. Every obscured underlined redex in R is properly contained in a

't obscured underlined redex.

.O0F OF CLAIM 2. Suppose not. Let MP for some p > k be a term in R con-
.ining an underlined, obscured redex which is not covered by a non-obscured
derlined redex. Choose S, to be maximal so. Note that Si is a maximal
derlined redex.

Now let M@ be the first term in R where the ancestor of Si (call it Si)
s obscured. So Si-i Rﬂ , and RK is not underlined. We will devise a devel-
nent Ré of the underlined redexes in M, such that Ré =~ Rp and Si is not
ntracted in Ré , as follows.

In Ré we contract only (in an arbitrary way) underlined redexes which
e not contained by Rﬁ . By the Finite Developments Theorem 1.4.3, this
ocedure must stop eventually, say in Mz . In Mz there can be no residual
Rk . For, if there was, this residual would not be covered by an under-

ned redex; and hence M% —*>Mé+ would not be empty. (In fact, the reduc-

1
on Mé\\__» Mé+1 (see figure), defined as MZ —_— M£+1 / Ké would not be
pty; since RE =~ Ré we have Mé-—» }%+1 o Mé\\_,» M£+1 and an empty

duction cannot be equivalent to a non—-empty one.) Therefore Rk must be
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red in Mz . But then Si » properly contained by Ry , must also be erased.

‘e Ré

equivalent (1.4.3.1), Ré o RK .

ends in fact in M) , i.e. M; = M} . Since all complete developments
£ £ £

M M, My Mp B
~ ' R |~| R'
Rk R[_ Rﬂ P - P
N e o e - — e
= * = ] = ]
' Mg My, "

- . 1 L M o~ !
RP = Rﬂ / M, —*>Mp ; and putting Rp RK / MZ —%>Mp we have, by RK R@’
equivalence RP o Ré . Because Ré does not contract Si by the Parallel
s lemma 1-4.1, R' does not contain steps in which Si is contracted. But
irly, since Si was a maximal underlined redex, every complete development

‘he underlined redexes in Mb must contract Si . Contradiction. This proves

m 2.

Now let q be such that all steps in R beyond Mﬁ are obscured (by claim

ich q exists).

(j=0) the contracted redex R . is

M 3. In every step M
Mo y P Q+]

. — M .
qt] qt+j+l
an outermost redex.

/F OF CLAIM 3. Since all steps beyond Mq are obscured, Rq is in a box.

+j
is an underlined redex, it is not outermost by claim 2.

‘q+]j

If R .. is not underlined and is an outermost redex, a contraction of
i n- rojection M' . —» M' . c ry to the
results in a non-empty proj 10 Mq+J g+j+1 ontrary

mption for R'. This proves claim 3.




Claim 3 contradicts the hypothesis of the proposition for R. Hence our

sumption that R' is finite, is false. DII

The following Corollary is due to O'DONNELL [13] for TRS's. ("Type I

III;" refers to "type I or IIIn + bound variables", see Introduction.)

.10. COROLLARY. For every type 1* or III; rewriting system: (i). Define
M,R) by 'R Zs an outermost redex of M'. Then the class of m-fair reduc-
ons 18 terminating.

i) Parallel outermost reductions are terminating.

00F. (i) Suppose M, has normal form N. Let R = My — M, —... be an in-

nite m-fair ('eventually outermost' in [13]) reduction. Obviously R con-
ins infinitely many outermost steps. Hence R' (see figure) is infinite by

oposition 12.9; and m—fair by Theorem 12.8 . But continuing in this fash-

n we find that R g / M, —>N must be finite, contradicting the fact

at N 1s a normal form.

Mo M, R -
R‘
1
M) | L
R"
\
M)
2 (0

i) Immediately by (i), since evidently a parallel outermost reduction is

O

fair.
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tmost reductions.

leftmost reductions, in which each time the leftmost redex (that is, th
2x whose head symbol is leftmost) is contracted, the analogous corollary
ls.

nple. (from [9])

I be a TRS having as rule schemes:
F(x,B) — D , A— B, c — C.

n F(C,A) — F(C,A) — ... (each step a contraction of redex C) is a coun

example.

ever, if I is a 'left-normal' system, one can prove that (eventually)

tmost reductions are normaliziﬁg. This was done in [11] via a standard-

tion method; the proof we will give below is more perspicuous and is,
TRS's, given in [13] . We will again derive the result for TRS's

re bound variables may be present, in fact for type 1* or IIIz systems.

11. DEFINITION. (i) Let I be a regular CRS, and let r be a rule in I ;

H — H'. Then r is left-normal if in H all operator symbols (including
O-ary operators, i.e. the constants) precede the variables. E.g. the

e F(x,B) > D above is not left—-normal; the rule F(B,x) - D is left—-nor-
' L is left-normal iff all its rules are left-normal.

.) If £ is a type 1* or III; system, I is left-normal iff Zu is.

*
2. COROLLARY. Let I be of type I or III; and left-normal. Then for I-
ietions:
eventually leftmost reductions are terminating

' the leftmost reduction is terminating.

JF. Let m (M,R) be: R is the leftmost redex in M. Then property I and II
‘inition 12.2) are easily verified for 7 (for II we need the left-norma-

7 ). Hence by Theorem 12.8, m—fair reductions (i.e. eventually leftmost




ductions) are closed under projections. Furthermore, Proposition 12.9 is
1lid for 'leftmost' instead of 'outermost' because the leftmost redex is

itermost. Hence the result follows. g

..13. EXAMPLE. (i) For A-calculus + 'recursor' R having the rule schemes
xy0 >x , Rxy (Sz) — xz (Rxyz) we have termination of parallel outer-
ist reductions —but not of the leftmost reduction strategy.

1) For A-calculus + altermative recursor R', such that R'Oxy — x,
RkSz) Xy —> xz(foyz) also the leftmost reduction strategy is ter-
minating.,

.ii) For the system in (i) one can obtain a slightly better result than
termination of parallel outer most reductions, by introducing
0'Donnell's 'dominance ordering', an extension of the subterm ordering
(<), which would in this case cause the redexes in the third argument

of R to be priviliged above those in the first two arguments.

'.14. EXAMPLE. If I is the type IIIn reduction system corresponding to

JUNDED-STACK (see Example 2.1(i)) then I is left-normal. Hence the results
sove yield that both parallel outermost reduction and the leftmost reduc-—
lon and the leftmost reduction, terminate whenever possible. (In this case

\at is trivial since all reductions terminate, as one easily proves.)
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